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Abstract
The holographic representation of the entanglement entropy of four dimensional
conformal field theories is studied. By generalizing the replica trick the anoma-
lous terms in the entanglement entropy are evaluated. The same terms in the
holographic representation are calculated by a method which does not require
the solution of the equations of motion or a cut off. The two calculations
disagree for rather generic geometries. The reasons for the disagreement are
analyzed.
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1. Introduction
Entanglement entropy ([1]) was proposed as a powerful tool for studying in detail the
structure of vacua in QFT.
In d = 2 CFT universal features of entanglement entropy (EE in the following) were studied
in [2]: in particular the dependence of the EE on the scale of the region defining the EE
was shown to be related to the trace anomaly of the CFT.
These results were generalized to any d in [3]. Following the d = 2 example [2] it was
postulated that the EE in flat space is given by the usual partition function when the theory
is defined in a metric with a conical singularity supported on a submanifold of codimension
2. The submanifold is the boundary between the two regions, A and B, defining the EE.
Universal terms in the scale dependence of the EE were again estimated by relating them
to the trace anomalies (when d is even) of the CFT. A very interesting proposal was made
in [3] for a holographic realization of the EE: if the theory in flat space has a holographic
dual AdSd+1 ×X then the EE is realized by the above bulk gravitational theory to which
one adds a (d− 1) Dirac-Nambu-Goto action (DNG action in in the following) in the AdS
background, the coordinates at the boundary of AdS representing the embedding of the
(d− 2)-dimensional boundary manifold.
This prescription allows in principle the calculation of all the observables in the EE at
strong coupling including the complete scale dependence.
The prescription presupposes, as we will discuss in detail, that the theory in the singular
metric can be represented equivalently by a smooth bulk metric to which an additional term
defined on the singular manifold is added. Arguments for the validity of this assumption
were presented in [4]. Using the aforementioned holographic representation for massive
d = 4 theories in [5] information about the phase structure of these theories was obtained;
see also [6] for an earlier discussion of this issue.
In the present paper we reexamine the validity of the holographic prescription for the four
dimensional EE. We concentrate on the terms in the d = 4 effective action representing
the trace anomalies. These terms, being universal, can be controlled in a general CFT.
Following the “replica trick” we deduce a singular metric which represents the EE. We
assume that at least for the terms controlling the trace anomalies one can use the singular
metric in the effective action without further regularization. We also assume that the
“replica trick” expressions can be safely expanded to first order.
We conclude that for very generic cases (which include e.g. the situation when the bound-
ary of the region defining the EE is a two-sphere) one cannot represent the singular metric
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by an additional piece localized on the singular submanifold. From a detailed study of the
term in the effective action which generates the type A (Euler) trace anomaly we find that
if the term is split into a d = 4 part in a smooth metric and a d = 2 part localized on the
singular manifold the d = 2 part does not have correct analyticity properties. If the split-
ting is done after a Weyl variation is taken (i.e. for the anomaly itself) the d = 2 part does
not fulfill the Wess-Zumino conditions. Since, as we will discuss in detail the holographic
realization mentioned above has anomalous terms (bulk and Graham-Witten anomalies)
with unambiguous “normal” analyticity properties it follows that the holographic prescrip-
tion is not valid, at least for this particular, universal piece of the effective action. The
analyticity requires that certain Bianchi identities are satisfied but the identities require
contributions from singular and regular terms, preventing a consistent “splitting”. The
discrepancy between the CFT and its proposed holographic realization appears whenever
the second fundamental form of the submanifold is nonvanishing.
One possibility we examine for explaining the discrepancy is to include the back reaction
of the DNG action on the bulk component. It turns out that the back reaction does not
change the anomalous terms.
Therefore another option for a holographic realization of the EE is the usual five dimen-
sional bulk action where at the boundary one matches to the singular four dimensional
metric. This prescription can be implemented at least for the anomaly calculations since,
as we will discuss in detail, in this case one does not need to solve the classical equations of
motion the anomalies being given by a direct evaluation of certain boundary terms. The
validity of this straightforward prescription for other terms representing the EE as well as
the origin of nonuniversal contributions to the EE requires further study.
The holographic prescription containing the DNG action has the correct analytic structure
to represent genuine extended observables in the CFT as it was shown explicitly in [7], [8]
and [9].
The paper is organized as follows: In Section 2 we generalize the replica trick of [2] to
d = 4 and we deduce an explicit form for the singular metric in the most general case
needed for EE.
In Section 3 we discuss in detail the calculation of trace anomalies in the holographic set up
both for the ones originating in the bulk and from the DNG piece of the action (“Graham-
Witten anomalies”). We show that the calculation of the anomalies does not use the
solution of the equations of motion reducing to the evaluation of a total derivative on the
boundary. Furthermore this evaluation does not require the use of any cutoff procedure.
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Therefore the analyticity properties of the terms of the effective action responsible for the
anomalies can be generally obtained.
In Section 4 we discuss the structure of the anomalous terms in the d = 4 CFT in the
singular metric representing the EE. We show that there is a contradiction between the
structure of the type A (Euler) term and the one expected from the holographic description
discussed in Section 3. We discuss the general mechanism which prevents the “splitting”
of the EE problem into a bulk part and an additional piece formulated on the singular
submanifold.
In Section 5 we study the influence of including the back reaction of the DNG action on
the bulk. We show by a general argument that the back reaction does not change the
anomalous terms. The argument is verified by solving the coupled equations of motion to
the necessary order.
In Section 6 we calculate explicitly universal pieces of the EE for a sphere and we show that
the results extracted from the CFT following our procedure disagree with the holographic
prescription. In the same section we discuss open problems related to terms not controlled
by the trace anomalies.
A new proof of a universal relation for the type A bulk trace anomaly [10] using the
approach of Section 3 is presented in the Appendix.
2. EE in d = 4
We start by discussing the four dimensional generalization of the replica trick [2] we are
going to use.
Consider a conformal field φ(~x, t) in R3,1. To simplify the notation we will consider a
scalar field but our arguments should be valid for any spin. Let A be a region in R3 and
B its complement.1 The boundary between A and B will be denoted ∂. We will start
by assuming that the metric of space time is flat but will later generalize it to a situation
where the metric components can be space dependent such that the EE can still be defined.
The density matrix of the system has the path integral representation
(ρ)φ′(~x′,0),φ′′(~x′′,0) =
1
Z
∫
Dφ(x)
∏
x
δ(φ(~x, 0−)− φ′(~x′, 0)) δ(φ(~x, 0+)− φ′′(~x′′, 0)) e−S[φ]
(2.1)
1 For simplicity one might assume A to be compact and connected.
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The reduced density matrix is obtained by setting φ′(~x, 0) = φ′′(~x, 0) for x ∈ B and
integrating over φ which are continuous across B:
(ρA)φ′(~x′,0),φ′′(~x′′,0) =
1
Z
∫
Dφ(x)
∏
x∈A
δ(φ(~x, 0−)− φ′(~x′, 0)) δ(φ(~x, 0+)− φ′′(~x′′, 0)) e−S[φ]
(2.2)
The entanglement entropy SA is the von Neumann entropy computed with the reduced
density matrix ρA
SA = −TrA ρA log ρA (2.3)
Various properties of the entanglement entropy are collected in [3].
The “standard” replica trick, by which
ρA = − lim
n→1
∂
∂n
TrρnA (2.4)
leads to n copies φ(i) of the field φ linked by the boundary conditions
φ
(i)
A (~x, t = 0
+) = φ
(i+1)
A (~x, t = 0
−) (2.5)
where φA means that ~x ∈ A and n+1 ≡ 1. In addition in region B the fields are continuous,
i.e. single valued at t = 0:
φ
(i)
B (~x, t = 0
+) = φ
(i)
B (~x, t = 0
−) (2.6)
where φB means ~x ∈ B.
The action appearing in the path integral is
S =
n∑
i=1
S[φ
(i)
A , φ
(i)
B ] (2.7)
with the gluing specified in (2.5),(2.6). It is important that in the path integral there are
no singularities: the time derivatives around t = 0 are for A:
(
∂φ
∂t
)2
→
(
φ(1)(t+ ǫ) − φ(2)(t− ǫ)
2ǫ
)2
etc. (2.8)
Now define a new set of fields φ˜:
φ˜
(i)
A (~x, t) =
{
φ
(i)
A (~x, t) t > 0
φ
(i+1)
A (~x, t) t < 0
φ˜
(i)
B (~x, t) =
{
φ
(i)
B (~x, t) t > 0
φ
(i)
B (~x, t) t < 0
(2.9)
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The fields φ˜(j) are single valued at t = 0 by construction.
However there is a new “gluing” condition due to the fact that φ(i) was single valued at
the boundary ∂ between A and B, i.e.
φ
(i)
A (~x, t)
∣∣∣
~x∈∂
= φ
(i)
B (~x, t)
∣∣∣
~x∈∂
(2.10)
With the rearrangement (2.9), (2.10) becomes
φ˜
(i)
A (~x, t)
∣∣∣
~x∈∂
= φ˜
(i+1)
B (~x, t)
∣∣∣
~x∈∂
for t < 0 (2.11)
So the new formulation is:
a set of n replicas φ˜(i) with a total action on single valued fields
S =
∑
i
S[φ˜(i)] (2.12)
and the gluing of different fields (2.11). The boundary conditions at t = ±∞ are left free
for each φ˜(j).
Following [2] we will now ‘uniformize’ the gluing manifold. The CFT is defined on R3,1
with the flat euclidean metric (x4 = t)
ds2 = (dx1)2 + (dx2)2 + (dx3)2 + (dx4)2 (2.13)
In the vicinity of the boundary ∂ we choose Gaussian normal coordinates (xi)|i=1,2,3 →
(r, ya), a = 1, 2, such that the boundary is located at r = 0 and the metric is of the form
ds2 = dt2 + dr2 + gab(r, x)dy
adyb (2.14)
The induced metric on the r = 0 hypersurface (at constant t) is hab = gab|r=0. The
components of the second fundamental form Krab = −12∂rgab|r=0 are generically non-zero.
We remark that the choice of Gaussian coordinates leading to the metric (2.14) is also
possible if we replace R3,1 byM×R, whereM is any three-manifold. The induced metric
and second fundamental form are still expressed in terms of gab as above.
The gluing manifold is now
r = 0, t < 0 (2.15)
A further (singular) change of variables
w ≡ it+ r = zn (2.16)
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brings all the gluing regions to the z plane times ∂. This is exemplified for n = 3 in the
figure which shows the z-plane.
φ˜(1)
φ˜(2)
φ˜(3)
The metric becomes:
ds2 = n2(zz¯)(n−1)dzdz¯ + gab(r, x)dy
adyb (2.17)
For n 6= 1 this metric is singular on the hypersurface z = 0 which is the boundary between
the regions A and B at time t = 0. This singularity is a consequence of the singularity of
the coordinate transformation (2.16).
Since we are going to study what is happening when the metric undergoes a space-
dependent Weyl transformation we allow (2.17) to be multiplied by such a factor such
that finally the most general class of metrics we are studying is
ds2 = 2gzz¯(r, x)(zz¯)
(n−1)dzdz¯ + gab(r, x)dy
adyb (2.18)
where gzz¯ is proportional to the respective metric component before the singular diffeo-
morphism.
3. Holographic anomalies
In this section we present a general scheme to compute holographic conformal anomalies.
It is very much like the computation of the SU(4) R-current anomaly presented in [11].
The anomaly is the boundary term generated by a suitably chosen local symmetry trans-
formation. In the case of the R-current this is a SU(4) gauge transformation and the
boundary term, which is the R-current anomaly of the CFT on the boundary (N = 4
SYM) is due to the SU(4) Chern-Simons term present in the 5d gauged supergravity that
arises when one compactifies type IIB string theory on S5. For the conformal anomalies
the appropriate transformations are the so-called PBH-transformations, a subgroup of five
dimensional diffeomorphisms introduced in [10] and reviewed in the following. This treat-
ment of the conformal anomalies does not require the solution of the equations of motion
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and it does not depend on the introduction of a cutoff. This gives us confidence on the
generality of their structure when we compare it with the results in the field theory.
In the first part of this section we deal with those anomalies origination from the bulk
gravitational action. In the second part we extend the discussion to the trace anomalies
originating from the DNG piece of the action (“Graham-Witten anomalies”).
3.1. Anomalies from the bulk
We start with trace anomalies in the bulk. Besides giving a general illustration of the new
way to calculate trace anomalies the explicit results will be used in the following for an
alternative holographic representation of the anomalous pieces in the EE.
Consider a generic gravitational bulk action
S =
∫
M
√
Gf(R) dd+1X (3.1)
where f is an arbitrary scalar function of the curvature and its derivatives. We require
that (3.1) admits AdSd+1 as a solution to the equations of motion: this imposes a mild
inequality on the coefficients in f(R).
We choose coordinates Xµ = (xi, ρ) such that ρ = 0 is the boundary of AdSd+1 where the
dual CFT lives. It is coupled to a metric (source for its energy momentum tensor) g(0)ij (x).
For the bulk metric we choose the Fefferman-Graham (FG) gauge [12][13]
ds2 = Gµν dX
µdXν =
(
dρ
2ρ
)2
+
1
ρ
gij(x, ρ)dx
idxj (3.2)
with gij(x, 0) = g
(0)
ij (x). For g
(0)
ij = ηij (3.2) is the metric of AdSd+1, whose curvature
radius we have set to one.
PBH (Penrose-Brown-Henneaux) transformations are those diffeomorphisms ξµ which pre-
serve the FG-gauge [10], i.e. for which LξGρρ = LξGρi = 0. The solution is parametrized
by an arbitrary function σ(x):2
ξρ = −2ρσ(x) , ξi = ai(x, ρ) = 1
2
∫ ρ
0
dρ′gij(x, ρ′)∂jσ(x) (3.3)
In particular, δσg
(0)
ij = 2σg
(0)
ij , i.e. σ(x) is the parameter of Weyl rescalings of the boundary
metric.
2 The choice of lower limit in the ρ′ integral means that we do not consider diffeomorphisms of the
boundary. They are of no interest here.
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The group property for PBH transformations can be shown to be
ξν1∂νξ
µ
2 − ξν2∂νξµ1 + δ2ξµ1 − δ1ξµ2 = 0 (3.4)
The last two terms are due to the dependence of the transformation parameters on gij(x, ρ).
The essential property of the PBH transformations is that on the boundary they coincide
with the action of the Weyl group. Therefore in holography the Weyl group becomes
embedded in the d + 1 dimensional diffeomorphisms and the study of Weyl anomalies is
reduced to an analysis of how diffeomorphisms act.
Under a bulk diffeomorphism the action (3.1) is invariant up to a boundary term
δξ(
√
Gf) = ∂µ(
√
Gξµf) (3.5)
δξS =
∫
∂M
ddx
√
Gf(R) ξρ|ρ=0 = −2
∫
∂M
ddx
√
Gf(R) ρ σ|ρ=0 (3.6)
where in the second line we have restricted the diffeomorphism to a PBH transformation.
The finite piece of this boundary term is the holographic Weyl anomaly.
A comment is in order here: we consider passive diffeomorphism transformations which
act on the fields rather than the coordinates. The reason for doing is that we want to keep
the boundary fixed.
Following [12](see also [14]) we expand the metric as
gij(x, ρ) =
∞∑
n=0
(n)
g ij(x)ρ
n + . . . (3.7)
The . . . denote logarithmic terms (∼ log ρ) which are present for even d. They do not play
a role in our analysis. The integrand in (3.1) has likewise an expansion of the form [10]
√
Gf(R) =
√
g(0)ρ−
d
2−1b(x, ρ) =
√
g(0)ρ−
d
2−1
∞∑
n=0
bn(x)ρ
n (3.8)
As was shown in [10], b and thus each bn, satisfies the Wess-Zumino consistency condition∫
ddx
√
g(0)(σ1δσ2 − σ2δσ1)b = 0 (3.9)
A simple way to see this is as follows (cf. the Appendix). For O = √Gf(R) one derives
δσ1O = ∂µ(ξµ1O) and [δσ2 , δσ1 ]O = 0 by virtue of the group property (3.4).
8
On-shell bn is a local, covariant expression constructed from g
(0)
ij . For d = 2n it is the
coefficient of the boundary term at O(ρ−1) and represents the Weyl anomaly of the dual
2n-dimensional CFT. The bulk gravitational action thus plays the same role for the Weyl
anomaly of the CFT as does the CS term for the R-current anomaly.
For general d = 2n, the on-shell bn depends also on some of the derivatives of gij at ρ = 0
and not only on the boundary value g(0)ij . These higher derivatives need some information
contained in the equation of motion. However, for d = 4, b2 can be computed without
the need to solve the equations of motion. As we will show momentarily, in d = 4,
besides g(0) only the coefficient g(1) of the FG expansion of the bulk metric appears. This
second coefficient is universal because it is uniquely determined by its behavior under PBH
transformations and locality [10]:
(1)
g ij =
1
(d− 2)
(
Rij − 1
2(d− 1)gijR
)
(3.10)
where R is the curvature of g(0) and gij ≡ g(0)ij . The universality of g(1) will be spoiled if
we take back reaction into account, as we will do in section 5.
On dimensional grounds bn can at most be linear in g
(n), as both carry length-dimension
−2n (ρ ∼ length2). By assumption, f(R) is such that Anti-de-Sitter space is a solution of
the equations of motion. Expand the action around this solution. In this expansion the
term linear in the fluctuations around the AdS-metric can only be a total derivative (or
vanish altogether). Consider the terms ∇µ∇νδGµν and trδG. For fluctuations δGij =
ρn−1g(n)ij the possibly dangerous terms, i.e. those which might contribute to bn, are of the
type ρntr g(n). It is straightforward to show that their coefficient is zero for d = 2n. Higher
derivative terms in the variation of the action will involve coefficients g(m) for m < n. We
stress that the above argument showing that in d = 2n g(n) does not appear in the bn term
in the expansion of the action does not prevent the participation of g(n) in the equation of
motion in the usual way [13] of calculating the anomalies.3
To summarize, to find the Weyl anomaly of the d = 2n-dimensional dual CFT all we have
to do is to extract the coefficient of 1/ρ is the expansion of the gravitational action. In
d = 4 this only involves g(0) and g(1) and is thus completely fixed. On general grounds this
can always be written as a linear combination aE4 − cC2 + e R where C2 is the square
of the Weyl tensor, E4 the Euler density (i.e.
∫
M
√
gE4 ∝ χ(M)). In the Appendix we
will rederive the general expression for a, already found, by different means, in [10].
3 Alternative arguments for obtaining anomalies without solving the equations of motion were given
in [15][16].
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3.2. Graham-Witten anomalies
In this subsection we will study the trace anomalies for submanifolds (“Graham-Witten”
anomalies) which are of direct relevance for the proposed holographic dual of EE. We
will follow the method used in the previous subsection for bulk anomalies which does
not depend on the equations of motion and does not need a cutoff. This will enable us
to discuss the general structure of the Graham-Witten anomalies needed for EE and the
anomalies produced by more general submanifold actions having the same symmetries as
DNG. For the DNG action our method reproduces the result of [17].
We start with a classification of the possible Graham-Witten anomalies for the case when
the submanifold has dimension 2 embedded in a manifold of dimension d.
Candidates for the Graham-Witten anomaly are solutions to the Wess-Zumino consistency
condition satisfying the following conditions: they should be local expressions constructed
from the second fundamental form and from curvatures, linear in the Weyl parameter
σ; they should have two derivatives (appropriate for the two dimensional case considered
here); they should be cohomologically non-trivial. Among those we distinguish between
type A which satisfy the WZ condition non-trivially and type B which satisfy them trivially
having expressions which are Weyl invariant.
To find the candidates for the anomaly, we will need, besides well-known expressions
for the Weyl-transformation of the curvature tensors, the transformation of the second
fundamental form and of its trace (cf. below):
δσK
i
ab = −habP ij∂jσ , δσKi ≡ δσ(habKiab) = −2σKi − k P ij∂jσ (3.11)
where P ij = gij−hij = gij−hab∂aX i∂bXj projects to the normal space of the hypersurface.
The derivatives ∂a are with respect to the local coordinates on the submanifold and X
i
are the embedding functions.
It is then straightforward to show that the following list exhausts all possible Weyl invariant
expressions:
√
hhachbdCabcd,
√
h(tr(KiKj)− 1
2
KiKj)gij,
√
h(KiKjgij − 4hab
(1)
g ab + 2R
(2))
(3.12)
where R(2) is the curvature scalar of the induced metric, Cabcd the pull-back of the bulk
Weyl tensor and
(1)
g ab = ∂a
(0)
X
i ∂b
(0)
X
j
(1)
g ij is the pull-back of (3.10). However, with the help
of the Gauss-Codazzi equation one shows that
hachbdCabcd = R
(2) − 2hab (1)g ab + 12KiKjgij − (tr(KiKj)− 12KiKj)gij (3.13)
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i.e. the above Weyl invariant expressions are not all independent. We will choose the first
two as a basis.
Candidates for the type A anomaly are
√
hR(2)σ,
√
hKi∂iσ,
√
h σ (3.14)
where these expressions are restricted to the submanifold. The first is the well-known trace
anomaly in d = 2. The second one, on the other hand, is trivial as it can be written as the
Weyl variation of a local term:
δσ(K
iKjgij) = −4Ki∂iσ (3.15)
where one uses (3.11) and Kih
ij = 0. The third one is again trivial being the variation of
R the scalar bulk curvature restricted to the submanifold.
We thus arrive at the following basis of GW anomalies when the submanifold is two
dimensional:
type A:
√
hR(2)σ
type B:
√
hhachbdCabcd σ,
√
hgij(tr(K
iKj)− 1
2
KiKj) σ
(3.16)
In terms of this basis the anomaly found by Graham and Witten, who considered the case
where the hypersurface degrees of freedom in the CFT have their holographic description
in terms of the DNG action, is
AGW = 1
4
∫
∂Σ
d2x
√
h
(
hachbdCabcd − gij(tr(KiKj)− 12KiKj)−R(2)
)
σ (3.17)
We proceed now to an analysis of the Graham-Witten anomalies in a holographic setup.
We will leave the dimensions of space-time d and of the submanifold k general and at the
end of the discussion we will go back to the specific k = 2 case.
In the holographic realization we have to consider a (k + 1)-dimensional submanifold Σ
embedded into the (d + 1)-dimensional bulk M such that it ends on a k-dimensional
submanifold ∂Σ on the d-dimensional boundary. Denote, as before, the bulk coordinates
by Xµ = (xi, ρ) and the world-volume coordinates by τα = (ya, τ) with i = 1, . . . , d and
a = 1, . . . , k. The embedding is Xµ : Σ 7→M , i.e. Xµ = Xµ(τα).
We assume that the action contains in addition to the usual bulk component (3.1) another
component defined on the k+1 submanifold. The additional piece is invariant both under
usual bulk diffeomorphisms and under reparametrizations of the world volume.
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We want first to generalize the PBH transformations (3.3) to this new situation where we
have two linked gauge invariances.
We first fix the gauge. For the bulk we go to FG gauge (3.2) as before. The reparametriza-
tions of Σ are fixed by imposing
τ = ρ and haτ = 0 (3.18)
Under a reparametrization of Σ, parametrized by ξ˜α, Xµ transforms as a scalar, i.e.
δξ˜X
µ = ξ˜α∂αX
µ. In particular δξ˜ρ = ξ˜
α∂αρ = ξ˜
τ = 0 after fixing the τ = ρ gauge.
Also, if we require that δξ˜haτ = 0, we find that ξ˜
a must be independent of τ . This means
that all world-volume reparametrizations of Σ are fixed except the ones acting on ∂Σ.
We perform now a target space PBH transformations δρ = −2ρσ, δxi = ai (cf. (3.3)). To
stay in the τ = ρ gauge we must make a compensating world-volume diffeomorphism
ξ˜τ = −2τσ (3.19)
The resulting change of the induced metric must be compensated in order to keep haτ = 0:
δhaτ = ∂aξ˜
τhττ + ∂τ ξ˜
bhab = 0 (3.20)
With ξ˜τ = −2τσ this can be integrated to
ξ˜a = 2
∫ τ
0
dτ ′ τ ′hττh
ab∂bσ (3.21)
where all functions in the integrand depend on τ ′ (through X i(ya, τ)). Here
hττ = ∂τX
µ∂τX
νGµν =
1
4τ2
+
1
τ
∂τX
i∂τX
jgij(X, τ) (3.22)
Expand gij in powers of ρ (cf. (3.7)) and X
i in powers of τ (with τ = ρ)
X i(τ, ya) =
(0)
X
i(ya) + τ
(1)
X
i(ya) + τ2
(2)
X
i(ya) + . . . (3.23)
With the definition
hab =
1
ρ
∂aX
i∂bX
jgij(X) =
1
ρ
∂a
(0)
X
i ∂b
(0)
X
j
(0)
g ij(
(0)
X) +O(1) ≡ 1
ρ
(0)
hab(X) +O(1) (3.24)
we obtain from (3.21)
ξ˜a =
1
2
τ
(0)
h
ab∂bσ +O(τ2) (3.25)
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We can now determine how X i changes under PBH. It transforms as
δX i = ξ˜α∂αX
i − ai (3.26)
with ai from (3.3). This implies
δ
(0)
X
i = 0
δ
(1)
X
i = −2σ (1)Xi + 1
2
(0)
h
ab∂a
(0)
X
i ∂bσ − 1
2
(0)
g ij∂iσ
(3.27)
which is solved by
(1)
X
i =
1
2k
Ki (3.28)
where
Ki =
(0)
h
abKiab =
(0)
h
ab
(
∂a∂b
(0)
X
i− (0)Γ cab∂c
(0)
X
i+
(0)
Γ
i
jk∂a
(0)
X
j∂b
(0)
X
k
)
(3.29)
is the trace of the second fundamental form, i.e. the extrinsic curvature, of the embedded
submanifold ∂Σ.
We remark that the universality of
(1)
X
i is analogous to the universality of g(1), c.f. (3.10).
The higher X(n) , just like the higher g(n), are not universal, the reason being that their
behavior under PBH transformations admits homogeneously transforming terms 4.
We succeeded therefore to put also this more general situation, with the action having
two components, into a framework similar to the one we had for the bulk action alone.
The action of the Weyl transformations on the boundary is embedded into bulk diffeo-
morphisms and world volume reparametrizations (3.19), (3.21). Moreover, besides the g(1)
component of the bulk metric also the X (1) component of the embedding have a universal
form determined by the PBH transformations.
Using these results we are now prepared to analyze the Graham-Witten anomalies, i.e. the
transformation properties of the additional piece of the action when the metric g(0) is Weyl
transformed.
Following [17] we consider the case where the dynamics of the submanifold is governed by
the DNG action:
S =
∫
Σ
√
h (3.30)
4 For g(2)ij this is e.g. g
(0)
ij C
2 and for X(1) any one of the terms in (3.12) (without the
√
h factor),
multiplied by X(0).
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The generalization to arbitrary world-volume actions is straightforward. A particular case
will be considered at the end of this section. The DNG action of Σ is invariant under
passive world-volume diffeomorphisms up to a boundary term. The finite part of this
boundary term (at τ = 0) is the Graham-Witten anomaly
A =
∫
∂Σ
√
deth ξ˜τ |finite (3.31)
Given that the τ -expansion of X(1) is universal only up to the first non-trivial order, we
will be able to compute the anomaly, without further input from the equations of motion,
only for k = 2. This is also the relevant dimension for the discussion of the EE in a four
dimensional CFT.
We now evaluate (3.31). We need
ξ˜τ = −2τσ(X) = −2τσ((0)X)− 2τ2∂iσ(
(0)
X)
(1)
X
i +O(τ3) (3.32)
and det(h) = hττ det(hab) with
hττ =
1
4τ2
+
1
τ
(1)
X
i
(1)
X
j
(0)
g ij + . . . =
1
4τ2
(1 + 4τ
(1)
X
i
(1)
X
j
(0)
g ij) + . . .
det hab =
1
τk
det(
(0)
hab)(1 + τ
(0)
h
ab
(1)
hab) + . . .
(3.33)
where
(1)
hab = ∂a
(1)
X
i ∂b
(0)
X
j
(0)
g ij + ∂a
(0)
X
i ∂b
(1)
X
j
(0)
g ij + ∂a
(0)
X
i ∂b
(0)
X
j
(1)
g ij + ∂a
(0)
X
i∂b
(0)
X
j∂k
(0)
g ij
(1)
X
k
=
(1)
g ab − 1
k
KiKjab
(0)
g ij
(3.34)
With the help of these expressions we finally find, for k = 2,
AGW = 1
8
∫
∂Σ
d2y
√
det h
((
gijK
iKj − 4hab (1)g ab
)
σ − 2Ki∂iσ
)
(3.35)
where h and g now denote the boundary metrics. Eq.(3.35) is in agreement with [17]. As
remarked above, the last term is cohomologically trivial. The rest can be written in terms
of the basis (3.16). The result was already given in (3.17).
In analogy to allowing general bulk actions, as we did in Section 3.1, the dynamics of the
hypersurface might be given by generalizations of the DNG action
S =
∫
Σ
√
hf(RΣ, K,X, . . .) (3.36)
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where f is a scalar function. In this case the GW anomaly will also change:
A =
∫
∂Σ
√
det hf ξ˜τ |finite (3.37)
The fact that the anomaly satisfies the WZ condition is again a consequence of the group
property of the PBH transformations.
As a particular example we consider the action
S =
∫
Σ
√
hf(R(Σ)) (3.38)
where R(Σ) is the Ricci scalar computed with hαβ with the expansion
R(Σ) = 6 +
(
R(2) − 2 (0)hab
(1)
g ab +
1
2
(0)
g ijK
iKj
)
τ + . . . (3.39)
For instance, if we choose f(R(Σ)) = 1 − 1
2
R(Σ) the GW-anomaly is purely type A. Al-
ternatively we can choose an action for which the R(2) anomaly vanishes which could be
relevant for the EE as we discuss in Section 5.
4. Anomalies in the singular metric background
We will study the CFT in the singular metric (2.18) obtained in Section 2 to which the
CFT should be coupled in order to calculate the EE. The metric is the result of a singular
diffeomorphism (2.16) applied to the original, smooth metric.
We will assume that in the generating functional the singular metric can be used for
calculating the EE at least for the terms generating the trace anomalies without the need
for additional regularization.
Since through the “replica trick” the EE requires only the derivative with respect to the
replica number n at n = 1 we will expand everything in ǫ = n − 1 and keep only the first
order term in ǫ.
The thus expanded, singular diffeomorphism is given by:
w = z + ǫz log(z) w¯ = z¯ + ǫz¯ log(z¯) (4.1)
As a consequence of the diffeomorphism being singular there could be two dimensional δ-
function contributions in certain curvature components. The contribution which can give
δ-function appears in gzz¯:
ǫgzz¯ log(zz¯) (4.2)
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Using
∂z∂z¯ log(zz¯) = 4πδ
(2)(z, z¯) (4.3)
the singular contribution is:
R¯zz¯zz¯ = −4πǫgzz¯δ(2)(z, z¯) (4.4)
where we denote with R¯.... the contributions to the transformed curvature components
which have a δ-function. In addition the transformed components will have contributions
denoted by R˜... through the action of (4.1) treated as a regular diffeomorphism on the
original components R....
We list the components of the Ricci tensor and the scalar curvature which are singular as
a consequence of (4.4):
R¯zz¯ = 4πǫδ
(2)(z, z¯) R¯ = 8πǫgzz¯δ(2)(z, z¯) (4.5)
It is tempting to separate the “regular” and “singular” pieces of the curvatures representing
the EE to give respectively a four dimensional theory in a smooth metric and an effectively
two dimensional contribution obtained from the singular piece after integrating the δ-
function. Such a separation would justify the holographic representation proposed in [3]
where in addition to the five dimensional bulk theory there is the DNG action representing
the two dimensional, singular contribution.
However, as discussed in Section 3 the aforementioned holographic setup leads to a well
defined, specific analyticity structure. In order that the holographic mapping makes sense
the same analyticity structure should exist in the original theory. In particular the holo-
graphic representation leads to an effective action depending on the boundary variables
(metric and embedding functions of the submanifold) which is Weyl invariant up to local
anomalies. This means that:
a) under a Weyl transformation the effective action is invariant except for local terms:
four dimensional (“the bulk trace anomalies”) and two dimensional (“the Graham-Witten
anomalies”) and
b) the anomalies fulfill the Wess-Zumino condition, i.e. a further Weyl variation antisym-
metrized with the first one should vanish.
We will study the above conditions for the universal pieces of the effective action of the EE
field theory responsible for the trace anomalies and show that they fail for rather generic
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geometries. We believe that similar failures probably occur also in other terms of the
effective action which however are specific to the various CFT.
The calculation is rather straightforward. We introduce the singular metric to first order
in ǫ into the effective action and the Weyl anomalies obtained from it by making a Weyl
variation. The expressions make sense to first order in ǫ in the four dimensional sense. We
will try, however, to “split” the expressions into a four dimensional piece corresponding
to the regular part of the curvatures and a two dimensional piece contributed by the
components of the curvatures which have an explicit δ-function and we will check if the
two pieces have the properties of the holographic representation.
If the splitting is done at the level of the effective action this requires that after a Weyl vari-
ation the two pieces produce local Weyl anomalies, bulk (four dimensional) and Graham-
Witten (two dimensional), respectively.
If the splitting is done for the Weyl anomalies in the background of the singular metric
(again to first order in ǫ) the two pieces should obey the Wess-Zumino conditions in four
and two dimensions, respectively.
Both “splittings” fail for the part of the effective action producing the type A (Euler)
anomaly if the embedding geometry has a nonvanishing second fundamental form. An
analysis of the trace anomalies for the EE when the second fundamental form vanishes was
performed in [3] using the geometric setup discussed in [18].
Since the analysis of the nonlocal anomalous pieces of the action is somehow cumbersome
we will use the Wess-Zumino actions [19] in which only manipulation of local terms is
needed the results being completely equivalent. The Wess-Zumino actions replace the
nonlocality with the introduction of another scalar field φ(xi), the parameter field of the
Weyl group. The dependence of the action on the metric gij and on φ is local. The Weyl
transformation of the fields is:
g′ij(x
k) = exp(2σ(xκ))gij(x
k) φ′(xk) = φ(xk) + σ(xk) (4.6)
where σ(xk) is the parameter of the Weyl transformation. We require that the effective
action W (gij, φ) under the transformation (4.6) produces the anomalies, i.e.
δσW =
∫
ddx σA (4.7)
where the anomaly A depends only on gij . The effective actions W are obtained by a
general procedure [19] and we reproduce here their form in d = 2 and d = 4 we will need:
W2 = a2
∫
d2x
√
det(g)[φR + gab∂aφ∂bφ] (4.8)
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where a2 is the unique two dimensional trace anomaly coefficient, and [20]
W4 =
∫
d4x
√
det(g)
(
a4[φE(4)−4Gij∂iφ∂jφ+2(∂iφ∂iφ)2−4 φ∂iφ∂iφ]+c4φC2(4)
)
(4.9)
where E(4) is the four dimensional Euler density, C
2
(4) is the square of the four dimensional
Weyl tensor, Gij is the Einstein tensor
Gij = Rij − 12gijR (4.10)
and a4 and c4 are the coefficients of the two four dimensional trace anomalies.
To the expressions (4.8),(4.9) we can add arbitrary terms made of φ and g which are
Weyl invariant, in particular the quadratic action of a conformally coupled scalar Φ, the
exponential of φ.
If we express φ through the equation of motions in terms of g and use it in (4.8) or (4.9) the
equation (4.7) is still fulfilled, i.e. we obtain the nonlocal action generating the anomaly.
We illustrate this procedure in d = 2: The φ equation of motion gives:
φ =
1
2
R (4.11)
and using (4.11) in (4.8) we obtain:
W2 =
a2
4
∫
d2x
√
det(g)R
1
R (4.12)
i.e. the Polyakov action.
A similar procedure can be done in d = 4 solving the equation of motion following from (4.9)
as an expansion in powers of φ. We will not need the explicit form of the nonlocal action
obtained this way being more convenient to work with the local action (4.9) containing φ.
We will try to implement the “splitting” mentioned above by using the singular and regular
components of the Riemann tensor in (4.9). The terms which could have δ-functions are
the ones containing E(4), Gij and C
2
(4). There are no singular contributions from the φ field
since the derivatives acting on it are not of a high enough order to produce a δ-function.
We start with the calculation of the piece of (4.9) responsible for type A (Euler) anomaly.
This requires evaluating the first two expressions to order ǫ.
Since in d = 4 E(4) is given by:
E(4) =
1
4 ǫ
i1i2j1j2ǫi3i4j3j4Ri1i2i3i4Rj1j2j3j4 (4.13)
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the singular curvature component (4.4) will single out the regular component Rabcd where
the indices a, b, c, d take the values 1, 2. The singular components of the Einstein tensor
using (4.5) will be in the 1, 2 directions only, i.e.
G¯ab = −4πǫδ(2)(z, z¯)gzz¯gab (4.14)
Using (4.13) and (4.14) we obtain from the first two terms in (4.9) a singular, effectively
two dimensional piece W¯2 whose expression is:
W¯A2 = 16πǫa4
∫
d4xδ(2)(z, z¯)
√
det(gab)[g
ab∂aφ∂bφ+
1
2φǫ
abǫcdRabcd] (4.15)
We remark that in (4.15) the two dimensional ǫ -symbols contain one inverse power of√
det(gab).
The second term in (4.15) has an invariant meaning following from the fact that gab and
Rabcd at z = z¯ = 0 are the induced metric and the pull back of the Riemann tensor,
respectively. Then using the Gauss-Codazzi relation:
R
(2)
abcd = ∂aX
i∂bX
j∂cX
k∂dX
lRijkl − gij(KiacKjbd −KiadKjbc) (4.16)
where R(2) is calculated with the induced metric and Kiab is the second fundamental form,
we can rewrite W¯2 as:
W¯A2 = 16πǫa4
∫
d4xδ(2)(z, z¯)
√
det(gab)[φR
(2) + gab∂aφ∂bφ+ φ∆] (4.17)
where ∆ is the contribution of the second fundamental form given by:
∆ = gij [tr(K
i)tr(Kj)− tr(KiKj)] (4.18)
the traces in (4.18) being taken with the induced metric.
The first two terms in (4.17) are the same as in the usual two dimensional Wess-Zumino
action (4.8) written in terms of the two dimensional induced metric. Therefore they will
produce the standard Polyakov anomaly σ
√
det(gab)R
(2). The additional term has, how-
ever, a nonvanishing Weyl variation following from the variation of the second fundamental
form (3.11):
δσ∆ = −2σ∆− 2∂iσtr(Ki) (4.19)
It follows that the total Weyl variation of W¯2 will be:
δσW¯
A
2 = 16πǫa4
∫
d4x δ(2)(z, z¯)
√
det(gab)[σ(R
(2) +∆)− 2φ∂iσtr(Ki)] (4.20)
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We see therefore besides an addition ∆ to the Polyakov anomaly a signal for nonlocality in
the appearance of a term which still contains φ after the Weyl variation is taken. Indeed, if
we eliminate φ through the equation of motion we obtain an expression for W¯2 proportional
to: ∫
d4x δ(2)(z, z¯)
√
det(gab)[R
(2) +∆]
1
(2)
[R(2) +∆] (4.21)
The Weyl variation of (4.21) contributed by the ∆ terms does not cancel
(2)
in the
denominator and it remains nonlocal. This is in contradiction with the analytic structure
of a DNG contribution to the holographic action as we discussed it in Section 3.2.
We can try to make the “splitting” into the two dimensional and four dimensional contri-
butions after the Weyl variation was taken, i.e. directly in the expression
δσW4 = a4
∫
d4x
√
det(g)σE4 (4.22)
From the expressions already used above we obtain:
δσW4 = a4
∫
d4x
√
det(g)E
(reg)
4 + 16πǫa4
∫
d4x δ(2)(z, z¯)
√
det(gab)σ[R
(2) +∆] (4.23)
where E
(reg)
4 contains the contribution of the curvature components not having the δ
functions. The second contribution is now by definition local. However if an anomaly is
originating from an effective action it should obey the Wess-Zumino condition following
from the (abelian) algebra of Weyl transformations:
(δ2δ1 − δ1δ2)W = 0 (4.24)
where δi is a short hand for a variation with Weyl parameter σi for i = 1, 2.
Using (4.19) we can verify directly that the second term in (4.23) does not satisfy the
Wess-Zumino condition so also this second way of “splitting” is not tenable. We remark
that what prevents a consistent splitting is the presence of ∆, related to a nonvanishing
second fundamental form.
It is instructive to check under which conditions the four dimensional Euler anomaly obeys
the Wess-Zumino condition and why after the splitting the condition is not fulfilled any-
more. The Weyl variation of the Euler density is given by:
δσ
√
det(g)E4 = −8
√
det(g)Gij∇i∇jσ (4.25)
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where Gij is the Einstein tensor defined in (4.10). Using (4.25) in (4.22) in order to
calculate the double variation we obtain:
(δ2δ1 − δ1δ2)W = −8a4
∫
d4x
√
det(g)Gij [σ1∇i∇jσ2 − σ2∇i∇jσ1] (4.26)
which is 0 after an integration by parts, provided:
∇iGij = 0 (4.27)
The Bianchi identity (4.27) is satisfied automatically for any metric. The metric we use
has, however, a singular component (4.2) which produces Einstein tensor components which
contain δ- functions (4.14) and therefore the way (4.27) is satisfied is rather special. The
j = z component of the Bianchi identity (4.27) will contain also terms with δ functions.
Their cancellation requires:
gzz¯∂z¯Gzz − gabΓcazGbc = 0 (4.28)
where the most singular contribution to Gbc is given by (4.14).
The component in the first term following from (4.2) is:
G˜zz = −1
2
∂zgab∂z[ǫgzz¯ log(zz¯)] (4.29)
After using (4.29) and (4.14) in (4.28) the identity is indeed satisfied however this required
a term with an explicit δ- function (4.14) canceling against (4.29) which produced a δ-
function only after being acted upon by a derivative. In the “splitting” process (4.14) is
included in the two dimensional piece while (4.29) in the four dimensional one and the
Wess-Zumino condition which required (4.27) is not anymore obeyed. A similar argument
based on the inspection of (4.9) shows that the vanishing of the term containing the φ field
in the Weyl variation, the necessary condition for the correct analyticity, is controlled by
the same Bianchi identity (4.27). When the second fundamental form vanishes both Γcab
and G˜zz in (4.28) vanish separately and the Bianchi identity is satisfied trivially.
The mechanism discussed above which prevents a consistent “splitting” for the universal
piece of the effective action responsible for the Euler trace anomaly could be rather general:
the correct analyticity of the effective action probably requires various Bianchi identities
which mix singular components of the curvatures (included in the two dimensional piece)
with components which become singular only after the application of derivatives.
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We discuss now the second trace anomaly, the term in (4.9) with coefficient c4. The four
dimensional Weyl tensor is given by:
Cijkl = Rijkl − 1
2
[gikRjl + gjlRik − gjkRil − gilRjk] + 1
6
[gikgjl − gjkgil]R (4.30)
The singular components of Cijkl are:
C¯zz¯zz¯ = −4πǫ
3
gzz¯δ
(2)(z, z¯) C¯zaz¯b = −2πǫ
3
gabδ
(2)(z, z¯)
Cabcd =
4πǫ
3
[gacgbd − gbcgad]gzz¯δ(2)(z, z¯)
(4.31)
Using the tracelessness of the Weyl tensor all the regular components can be expressed in
terms of the pullback:
gabCazbz¯ = −12gzz¯gabgcdCacbd Czz¯zz¯ = −12g2zz¯gacgbdCabcd (4.32)
Finally, using (4.31) and (4.32) in (4.9) we obtain for the last term the effectively two
dimensional expression:
W¯B2 = 16πǫc4
∫
d4x δ(2)(z, z¯)
√
det(gab)φ g
acgbdCabcd (4.33)
Now a Weyl transformation which shifts φ transforms the Weyl tensor homogeneously
and therefore the φ field is not present in the anomaly indicating that the “splitting” is
consistent for this term in the effective action. Indeed, the anomaly is obtained by replacing
φ in (4.33) by the Weyl transformation parameter σ(xk) and the Wess-Zumino condition
is satisfied trivially. This is probably related to the fact that type B trace anomalies have a
trivial descent, i.e. the consistency conditions do not require Bianchi identities. Equation
(4.33) has a consistent two dimensional interpretation the invariant form of the anomaly
following from (4.33) having the form:
δσW2 = ct.
∫
d2τ
√
det(h)σ hachbd Cijkl∂aX
i∂bX
j∂cX
k∂dX
l (4.34)
where hab is the induced metric. The holographic representation should produce therefore
a Graham-Witten anomaly of the form (4.34).
In the special case when a4 = 0 in order to integrate out the type B anomaly we need to
add a Weyl invariant term to the Wess-Zumino action as discussed at the beginning of the
section.
In summary, the analytic structure of the type A (Euler) Weyl anomaly term in the effective
action of the CFT representing the EE is different than the one of its supposed holographic
representation. This was obtained under two working assumptions, i.e. that the effective
action could be used also for singular metrics and that a first order expansion in ǫ is safe.
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5. The back reaction and the Graham-Witten anomalies
The holographic realization as used in Section 3 involved smooth bulk metrics. Since in
the CFT the singularity of the metric as reflected in equation (4.4) played an essential
role we would like to examine if in the holographic realization such singular metrics could
appear and if they may have an influence on the discrepancy discussed in the previous
section. Of course the boundary value of the metric g(0) is smooth but the solution in the
bulk can acquire singular components if the back reaction of the DNG component of the
action is taken into account.
In section 3 we have treated the dynamics of the bulk independently producing a solution
gij(x, ρ). The embedded surface evolved in this bulk background following the dynamics
prescribed by the DNG action. In this section we will take back reaction of the hypersurface
on the bulk into account, solve the coupled equations of motion and evaluate the O(ρ−1)
term of the on-shell action. According to [13] this computes the Weyl anomaly, in addition
to the contribution coming from the DNG piece.
The total action is
S =
∫
M
dρ ddx
√
G(R − 2Λ) +
∫
Σ
dτ dky
√
h (5.1)
The equation of motion for the metric can be cast in the form
√
G
(
1
2
(R − 2Λ)Gµν −Rµν
)
= ∆µν (5.2)
with
∆µν = −1
2
∫
Σ
√
hhµνδ(d)(x−X(τ)) δ(ρ− τ) (5.3)
Inserting its trace into the action results in
S = 2d
∫
M
√
G+
d− k − 2
d− 1
∫
Σ
√
h (5.4)
where the second term vanishes if codim(Σ) = 2, which is the case of interest where d = 4
and k = 2. However, the DNG piece of the action will feed back, through the equations of
motion, into the coefficients g(n)ij .
Using the FG expansion (3.7) one finds the following expression for the on-shell action at
O(ρ−1) [13]
1
4
√
det g(0)
(
tr
(2)
g − 1
2
tr(
(1)
g 2) +
1
4
(tr
(1)
g )2
)
(5.5)
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For g(1) one finds, by solving the (ij)-component of (5.2) at leading non-trivial order in its
ρ-expansion
(1)
g ij =
1
2
(
(0)
Rij − 1
6
(0)
R
(0)
g ij
)
+ δ
(1)
g ij (5.6)
where
δ
(1)
g ij = − 1
4
√
g(0)
∫
d2y
√
(0)
h
(
(0)
h ij − 2
3
(0)
g ij
)
δ(4)(x− (0)X(y)) (5.7)
and
(0)
h ij =
(0)
gik
(0)
gjl
(0)
h
ab ∂a
(0)
X
k ∂b
(0)
X
l (5.8)
Note that δg(1) is Weyl invariant and g(1) is no longer universal. Consistency with PBH
and dimensional arguments restrict the most general nonuniversal addition to g(1), which
would result for general bulk and hypersurface action to the above form, but with arbitrary
coefficients for h(0) and g(0) in (5.7).
To find tr(g(2)) it suffices to solve the (ρρ)-component of (5.2) at lowest non-trivial order:
tr(
(2)
g ) =
1
4
tr(
(1)
g 2)− 1
32
1√
g(0)
∫
d2y
√
(0)
hK
iKj
(0)
g ijδ
(4)(x− (0)X) (5.9)
The expressions (5.6) and (5.9) represent singular contributions to the bulk metric solu-
tion. Using the singular contributions to linear order in the δ-function we will find the
contributions to the Graham-Witten anomaly. Quadratic and higher order terms in the
δ-functions require a regularization producing local counterterms which do not influence
the anomalies.
We find for (5.5) for the case d = 4, k = 2
1
2
√
(0)
g
(
(tr
(1)
g )2 − tr((1)g 2)
)∣∣∣
universal
− 1
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∫
d2y
√
(0)
h(K
iKj
(0)
g ij − 4
(0)
h
ab
(1)
g ab) δ
(4)(x− (0)X)
(5.10)
where the universal g(1) was given in (3.10). Again there was a crucial cancellation, related
to the one observed above, for codim(Σ) = 2.
Compare (5.10) to (3.35): we have shown that for the simplest bulk and hypersurface
actions, taking into account the back-reaction leads to the same GW anomaly for the total
action (5.1).
The above result has a simple explanation which will allow us to generalize the result
for arbitrary bulk actions. The contributions to the bulk metric specified above once
inserted in the bulk action to linear order in the δ-function produce a term localized
on the submanifold. Moreover this term has the same symmetries as the DNG action.
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Therefore we can use the procedure discussed in Section 3.2. The additional Graham-
Witten anomaly is given by an expression analogous to (3.31) the DNG integrand being
replaced by the term of the bulk action specified above. We will need therefore just the
expansion to order τ2 (order ρ2 in our gauge) of the integrand in the first term in (5.1).
Remembering that g(2) does not appear in the expansion we get the following terms (the
curvatures are computed with g(0)):
tr(
(1)
g 2)− (tr (1)g )2− (1)g ij Rij + 1
2
R tr
(1)
g (5.11)
In the expression (5.11) we left out terms in which derivatives act on g(1). We will discuss
them in the general setting.
Now, using (5.6) in (5.11) it is easy to verify that all the terms linear in δg(1) vanish without
any need to specify the exact coefficients in δg(1). What is the reason for this vanishing?
As we discussed in Section 3.2 an expression obtained by (3.31) satisfies automatically the
Wess-Zumino condition. Independently of the exact form of the bulk action for dimen-
sional reasons the only expressions which could appear in (5.11) linear in δg(1) are Rab
– the pullback of the Ricci curvature or R – the bulk scalar curvature restricted to the
submanifold. Indeed they do appear in individual terms in (5.11). However once they
are multiplied with the Weyl parameter σ it is easy to check that they do not fulfill the
Wess-Zumino condition and therefore they must cancel in the full expression.
Finally we return to the derivative terms left out above. Again by a dimensional argument
verified explicitly for the aforementioned terms these contributions have the form σ
or Ki∂iσ, restricted to the submanifold. These expressions do satisfy the Wess-Zumino
condition but they are cohomologically trivial being the variations of local expressions as
we discussed in Section 3.2.
In conclusion, for an arbitrary bulk action in d = 5 and an arbitrary three dimensional
DNG action the Graham-Witten anomalies remain unchanged after the back reaction on
the bulk metric is included. This is a consequence of the fact that the Graham-Witten
anomalies classified in section 3.2 cannot originate from the g(1) back reaction term the
only one available in d = 5.5
5 Exactly the same argument leads to the identical conclusion for arbitrary codimension. This
is so because for k = 2 for dimensional reasons only δg(1) of the form (5.7), but with arbitrary
coefficients for h(0) and g(0), can contribute. We expect that one can also relax the condition k = 2,
in other words, that the back reaction never changes the GW anomalies. This was observed and
explained in [21] for conventional matter couplings to bulk gravity. We thank K. Skenderis for
illuminating email exchange on this issue.
25
6. Discussion
The holographic representation of the entanglement entropy by adding to the bulk action
a DNG type action is problematic for the reasons discussed in the previous sections. The
analytic structure of certain terms in the effective action in the CFT is different than
the one obtained through the aforementioned holographic mapping. The difference in
the analytic structure leads to quantitative discrepancies even in the simplest case. We
illustrate this fact by a calculation of a certain term in the entanglement entropy when
our CFT is formulated in a flat metric background and the two regions in space are the
exterior and interior of a sphere of radius r¯.
The entanglement entropy depends on r¯ through terms containing an ultraviolet cut off. In
addition there is the possibility of a universal logarithmic dependence. To put in evidence
this term one considers constants appearing in:
r¯
d
dr¯
S (6.1)
In this form it is clear that (6.1) is related to the trace anomaly, a change in scale of r¯ being
produced by a joint constant Weyl rescaling and a rescaling diffeomorphism. A constant
Weyl transformation produces a non zero result if the anomaly is type B and likewise for
the type A Euler density provided that the manifold has a nonzero Euler characteristic,
which is the case for a sphere.
On the CFT side the calculation is straightforward: besides the bulk part which is iden-
tically 0 for a flat metric involving to order ǫ only R... and R˜... there are the singular
contributions (4.23) and (4.33):
r¯
d
dr
S = 16π
∫
d4x δ(2)(z, z¯)
√
det(gab)[a4(R
(2) +∆) + c4g
acgbdCabcd] (6.2)
Now Cabcd vanishes for a flat metric and so does the first term in (6.2) since it really
represents Rabcd. The vanishing of Rabcd explains the relation:
R(2) = −∆ (6.3)
where ∆ is given by (4.18) which can be verified directly for a sphere embedded in a flat
metric. As a result the constant which could have appeared in (6.1) vanishes.
On the holographic side the contribution to (6.1) can come from one of the Graham-Witten
anomalies we studied in Section 3. The expressions for the two type B anomalies, the pull
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back of Cijkl and gij[
1
2 tr(K
i)tr(Kj) − tr(KiKj)] vanish for the sphere as can be checked
explicitly. On the other hand the type A anomaly R(2) does not vanish and integrates to
the Euler number of the sphere. As we discussed in Section 3 this anomaly does not vanish
for the DNG action and it is there even for very general forms of the three dimensional
action having the symmetries of the DNG action. By “fine tuning” the additional terms
the coefficient of R(2) can presumably be made to vanish but the presence of these terms
in a systematic large N expansion is not justified. We have therefore a clear contradiction
between the field theoretical calculation and its proposed holographic representation.
Of course the DNG action can represent holographically other, “generalized Wilson loop
type” observables in the CFT as discussed in [7],[8],[9]. As shown in the aforementioned
references these observables have Graham-Witten anomalies completely compatible with
the ones produced by the holographic representation.
We are faced therefore with the problem of producing a holographic representation of
the entanglement entropy which is compatible with the field theoretical constraints. An
obvious guess would be simply a bulk gravitational action whose classical solution matches
at the boundary the singular metric studied in Section 2.
As far as the terms in the action producing the trace anomalies are concerned this proposal
seems to be valid, though in a rather tautological way: as we discussed in Section 3 the
calculation of the trace anomalies does not require the solution of the equations of motion
but just the evaluation of some boundary terms for the boundary metric. Therefore the
holographic calculation is bound to reproduce the results of Section 4.
For other terms of the action the solution of the equations of motion with singular boundary
conditions would be needed and it is far from obvious that such a calculation can be
controlled.
A related question is the appearance and interpretation of non universal contributions in
the effective action of the CFT representing the EE. As a concrete example we consider
again the EE for a sphere embedded in a flat metric. On general grounds [1] one expects
for the EE a leading dependence proportional to r¯2 multiplied by an appropriate scale. Are
such terms obtainable in the CFT from Weyl invariant contributions to the effective action
which however being more singular than the terms we considered require an additional
regularization for the singular metric or are simply, non universal subtractions (boundary
terms) like in the holographic representation?
These and other questions related to the holographic representation of the EE are presently
under study.
27
Acknowledgments Very useful discussions with M. Ban˜ados, N. Boulanger, D. Giulini,
D. Kutasov, H. Neuberger, S. Shankaranarayanan and H. Shimada are gratefully acknowl-
edged.
28
Appendix: Derivation of the universal type A anomaly coefficient
In [10] it was shown that for any gravitational action (3.1) with has AdS2n+1 as a solution
to the equations of motion, the coefficient a of the unique type A anomaly of dual CFT is
an =
b0
22n(n!)2
(A.1)
where b0 = f(AdS). In [10] this was derived by looking at a conformally flat metric g
(0)
and solving the PBH-transformation equation for bn. Here we will present an alternative
derivation which uses the ideas of [22]. There it was observed that while the type B Weyl
anomalies have a trivial descent, the unique (in any even dimensions) type A anomaly has a
non-trivial descent.6 These features might, in fact, serve as the defining distinction between
the two classes of anomalies, which can also be applied to the hypersurface anomalies
discussed in sect. 3.
We begin with a review of the results of [22]. Define
Oj1...jp12...p+1 =
4p n!
2n(n− p)!
√
ggi1k1 . . . gipkpǫ
i1j1...injnǫk1l1...knln (A.2)
× Rip+1jp+1kp+1lp+1 · · ·Rinjnknlnσ[1∂l1σ2 . . . ∂lpσp+1]
where the antisymmetrization is over the indices of σ. In particular
O1 = σ1√g E2n (A.3)
with
E2n =
1
2n
ǫi1j1...injnǫk1l1...knlnRi1j1k1l1 · · ·Rinjnknln (A.4)
the d-dimensional Euler density. The normalization is such that E2n = R
n + . . .. O1 is at
the top of the descent which is
δ[p+1O
j1...jp−1
1...p] = ∂p O
j1...jp
1...p+1 (A.5)
and
Oj1...jn12...n+1 = 2n(n!)2
√
g σ[1∇j1σ2 . . .∇jnσn+1] (A.6)
is at the bottom. In deriving (A.5) we need the Weyl variation of the Riemann tensor
δRijkl = 2σRijkl + gik∇j∇lσ + gjl∇i∇kσ − gil∇j∇kσ − gjk∇i∇lσ (A.7)
6 The descent of cohomologically trivial contributions stops after the second step.
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The holographic version of the descent starts with the d + 1 dimensional ‘CS-form’ O =√
Gf(R). Under PBH
δ1O = ∂µ(ξµ1O) ≡ ∂µOµ1 (A.8)
If we define
Oµ1...µp1...p = ξµ1[1 · · · ξ
µp
p] O (A.9)
we can show, using the group property (3.4)
δp+1Oµ1...µp1...p = ∂µp+1Oµ1...µp+11...p+1 (A.10)
Using (3.8) for the ρ-expansion of O and ξρ = 2σρ , ξi = 12ρgij(0)∂jσ +O(ρ2) we find
Oρj1...jn1...n+1 =
1
2n
√
g b0 σ[1∇j1σ2 · · ·∇σjnn+1] (A.11)
Comparing this with (A.6) we conclude that the holographic type A Weyl anomaly in
d = 2n dimensions is anE2n with an as in (A.1).
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